Abstract. The main purpose of this paper is to study the characterizations of John spaces. We obtain five equivalence characteristics for length John spaces. As an application, we establish a dimension-free quasisymmetric invariance of length John spaces. This result is new also in the case of the Euclidean space.
Introduction
This work is mainly motivated by the geometric properties of length John spaces. Let a ≥ 1, a noncomplete metric space (D, d) is called length a-John with center x 0 , if there is a distinguished point x 0 ∈ D such that for every point x ∈ D we can find an a-carrot arc α joining x and x 0 . An arc is called a-carrot arc if for all z ∈ α, we have ℓ(α[x, z]) ≤ ad(z), where d(z) = dist(z, ∂D) and ℓ(α[x, z]) denotes the length of the part α with endpoints x and z. The concept of length John spaces is clearly a direct generalization of the well-known John domains in Euclidean spaces, which was introduced in 1961 by F. John [16] in connection with his work in elasticity. The excellent references for several characterizations of John disks and John domains see [19] and [14] .
By now the class of John domains in R n and metric John domains in doubling metric spaces have been extensively studied in connection with quasiconformal analysis and Poincaré inequalities (see [4, 11, 12, 14, 15] and the references there in). In [4] , Buckley, Koskela and Lu proved the equivalence of metric John domains and Boman domains in the abstract setting of homogeneous spaces. Moreover, Haj lasz and Koskela in [11] proved the equivalence of metric John domain with weak John property and a chain condition in a doubling metric space which shares a local connectivity property. The main purpose of this article is to explore the equivalence conditions of John spaces which are independent of the extra metric and geometry properties. Our main result is as follows. 
(3) There is some point x 0 ∈ D such that for every x 1 ∈ D, we can join x 1 to x 0 by a curve α such that
There is some point x 0 ∈ D such that for every x 1 ∈ D, we can join x 1 to x 0 by a curve β such that ℓ(β) ≤ a|x 1 − x 0 | and β is a-carrot. (5) There is some point x 0 ∈ D such that for any x 1 ∈ D, we can join x 1 to x 0 by a curve α such that α is diameter a-carrot and satisfies the ϕ-natural condition (2.3).
The constants a, b, b 1 , b 2 (not necessarily the same at each occurrence) and the function ϕ depend only on each other and the constants c and λ.
A careful reader might find that there is an interesting characterization for length John spaces. Indeed, (4) in Theorem 1.1 indicates that every point in a length John space can be joined to the center by a carrot arc which also satisfies a quasiconvexity condition. Evidently, it is a stronger condition but a useful feature for length John spaces in contrast to the definition. This attractive geometric property reminds the readers of another concept which is known as uniform domains [17, 18] and also uniform spaces which was introduced by Bonk, Heinonen and Koskela [1] . In a sense, a length John space can be viewed as a "one-sided" uniform space.
For the last equivalence condition, we mainly investigate the relationship between length John spaces and diameter John spaces. In R n , Näkki and Väisälä [19, Theorem 2.16] proved that these two kinds of domains are equivalent. On the other hand, Väisälä [23, Properties 3.13 and 3.18] constructed "a broken tube" in an infinite-dimensional separable Hilbert space, which is a diameter John domain but not length John. It is well-known that every domain in R n is a natural domain, see [21, Theorem 2.7] . Actually, this result holds in a broader setting, that is, every domain in a doubling locally quasiconvex rectifiably connected metric space with nonempty boundary is also natural. This can be shown with a similar argument as in [24, Corollary 2.18 ] and a complete proof will be presented in our coming paper. It is easy to see that a length John space is diameter John. For the converse, we introduce a natural condition with respect to a distinguished point, for the definition see section 2. We see that this natural condition together with the diameter John property are equivalent to the length John property.
As an application of our main result, we show that a length John space is invariant under the quasisymmetric mappings. This assertion is also new for John domains in the Euclidean space. The rest of this paper is organized as follows. In Section 2, we recall some definitions and preliminary results. Section 3 is devoted to the proofs of Theorem 1.1 and Theorem 1.2.
Preliminaries
For a metric space (D, d), we write |x − y| := d(x, y) for the distance between x and y. Throughout this paper, balls and spheres are written as B(a, r) = {x ∈ X : |x − a| < r}, S(a, r) = {x ∈ X : |x − a| = r}
. . under f , respectively. Also, we assume that γ denotes an arc in D and γ ′ the image in D ′ of γ under f . Suppose γ is a rectifiable curve or a path in a non-complete metric space (D, d), its quasihyperbolic length is the number:
.
For each pair of points x, y in D, the quasihyperbolic distance k(x, y) between x and y is defined in the following way:
where the infimum is taken over all rectifiable arcs γ joining x to y in D.
We recall the following basic estimates for quasihyperbolic distance, first established by Gehring and Palka [8, 2.1] (see also [1, (2. 3),(2.4)]):
In fact, more generally, we have
We next introduce some necessary definitions. Definition 2.1. Let ϕ : [0, ∞) → [0, ∞) be an increasing function, but we do not require that ϕ(0) = 0. We say that a non-complete metric space (D, d) is ϕ-natural with respect to x 0 , if there is a distinguished point x 0 ∈ D such that for every x ∈ D, one can join x to x 0 by a curve α satisfying the ϕ-natural condition:
We note that each domain in the Euclidean space is ϕ-natural (see [21, Theorem 2.7] or [24] ). In an infinite dimensional Hilbert space, the broken tube construction in [23] provides an example of a domain, which is not natural.
Let K be a snowflake curve in the xoy plane with center (0, 0). Let P = (0, 0, 1), and let G = ∪ q∈K [p, q]. We see that G is rectifiably connected but not locally quasiconvex.
Proofs of Theorem 1.1 and Theorem 1.2
We give the proofs of our results by dividing this section into two subsections. (1) ⇒ (2): Pick w ∈ D with
Since D is length a-John with center x 0 , there is a curve γ joining w to x 0 with ℓ(γ) ≤ ad(x 0 ), and such that
which implies the first assertion with b = 3a.
Next, fix x 1 ∈ D and take a curve α joining x 1 to x 0 with ℓ(α[x 1 , y]) ≤ ad(y) for all y ∈ α. We shall show that α satisfies inequality (1.1). To this end we divide the proof into two cases. Then for every y ∈ α, we have 1
as desired.
We assume that α[x 1 , y] is not contained in B(x 1 , 1 2
d(x 1 )) (otherwise, by Case 3.1 there is nothing to prove). Then there is some point w ∈ α[x 1 , y] with
A similar argument as in Case 3.1 gives that
Moreover, we have
Therefore, we get
as desired. d(x 0 ), then appealing to (1.1) with y = x 0 , one has
the last inequality holds because
d(x 0 ), denote by y the first point of α with d(y) = 2d(x 1 ), then again by (1.1) one gets
We prove the implication by considering three cases.
Hence β is the required curve in this case.
It follows from the assumption that there is a curve α 1 joining
Moreover, for every w ∈ α 1 , by (2.1), we have
and so
We claim that α 1 is a quasi-convex carrot arc. Indeed, for all w ∈ α 1 , by (2.2) one obtains that
We shall construct a sequence of points x 1 , x 2 , ..., x n , x n+1 = x 0 and β i as follows. Let α 1 be a curve connecting x 1 to x 0 such that (3) holds and let x 2 be the first point of α 1 (when traversing α 1 from x 1 towards x 0 ) with d(x 2 ) = 2d(x 1 ). Denote
d(x 0 ), we stop with n = 2, β 2 = α 2 and x 3 = x 0 . Otherwise we continue the process by letting β i = α i [x i , x i+1 ] where α i is the curve joining x i to x 0 such that (3) holds, and x i+1 is the first point of α i with d(
, we find that the above process stops with i = n, β n = α i and x n+1 = x 0 . The above construction is essentially due to Herron [14] .
We claim that β = n i=1 β i has the required properties. Since ℓ k (β i ) ≤ b, we first observe from the choice of x i that for i ∈ {1, . . . , n − 1}, we have
Let x ∈ β. Then there is some 1 ≤ j ≤ n such that x ∈ β j . Thus we get from (2.1) that
Therefore, we obtain that
On the other hand, since
Hence, the implication (3) ⇒ (4) follows.
(1) ⇒ (5): Fix x 1 ∈ D. It then there follows from the preceding proof for the implication (1) ⇒ (2) that there is a length carrot curve α joining x 1 and x 0 satisfying (1.1). Evidently, every length carrot arc is diameter carrot, it suffices to show that α satisfies the ϕ-natural condition (2.3) for some increasing function
This can be seen as follows. For all y ∈ α, one computes by (2.1) that
So we immediately see that α satisfies the ϕ-natural condition (2.3) with ϕ(t) =
Pick a diameter a-carrot curve α connecting x 1 to x 0 which satisfies the ϕ-natural condition (2.3) for some increasing function ϕ :
Then for all y ∈ α,
Pick a curve α joining 
Hence the proof of this theorem is complete. ′ and ϕ ′ depending only on the hypotheses. We next verify the first condition in the following claim.
Let z ′ ∈ α ′ and ε > 0. We choose a point z
Then by (3.1), we have
Letting ε → 0, we obtain α ′ is a diameter a ′ -carrot curve a ′ = 2η(a). Hence we are done.
For the second condition, we begin with two useful claims. The first one discusses the distortion of relative distance of connected sets under quasi-symmetric mapping.
Claim 3.2. For every connected set
where A = f −1 (A ′ ).
Take x 1 ∈ A and u ∈ ∂D be points such that |x 1 −u| ≤ 2dist(A, ∂D). Pick another point x 2 ∈ A such that diam(A) ≤ 3|x 1 − x 2 |. Since f −1 is η ′ -quasi-symmetric, we compute
as desired. The next claim is related to the coarse distortion of quasi-hyperbolic distances under quasi-symmetric mapping between two locally quasi-convex rectifiably connected non-complete metric spaces. 
